15.4 Double Integrals in Polar Coordinates

Recall that for a continuous function f(x,y) defined on the region
R={(z,y) :a <z <bgi(r) <y <gz)}

for continuous functions gi, gs with g;(x) < g2(x) for all x € [a, b], the double integral of f

over R is
b rg2(x)
// f(w,y)dA=/ / f(z,y)dydz,
R a Jgi(x)

interpreted as the volume under the surface z = f(x,y) over the region R.
Using polar coordinates:
x = rcos6 y =1rsinf r? =a? + y?

we wish to derive the double integral formula

B  92(0)
// flz,y)dA :/ / f(rcos@,rsin@)rdrdd
R a Jg

1(6)

over

R={(r0):a<0<pB,a(0)<r<g®)
for continuous functions g1, g2 with g1(0) < g2(0) for all 8 € [a, 3].

Derivation:



1. Evaluate / / (3x + 4y*)dA, where R is the region in the upper half plane bounded by the
R
circles 2 + y2 = 1 and =2 4+ y% = 4.

1/2 1—x2
2. Sketch the region of integration and evaluate / / x dy dx.
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3. Integrate f(x,y) = (x® + y?)~2 over D given by z > 1, > + y? < 2. Sketch D.

4. Sketch D and integrate f(x, y), where f(z,y) = y(x® + y?)tand Disy > 1 x> + y> < 1.



5. Find the volume of the solid that lies under the paraboloid z = 2 4 y?, above the zy—plane,
and inside the cylinder % + y? = 2.



