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1. Introduction

The spirit of Leggett-Williams fixed point theorems [6] is to avoid mapping entire

boundaries of regions of a cone outward (such as in [2]). Anderson-Avery-Henderson

[3] extended the work of Leggett-Williams to avoid mapping entire boundaries of

regions of a cone inward. Mavridis [7] attempted to generalize the Leggett-Williams

[6] fixed point theorem by replacing arguments that involved concave and convex

functionals with arguments that employed concave and convex operators. While

some of those arguments went through seamlessly due to the antisymmetric property

of the partial order generated by the cone, others were dealt away with invariance-

like conditions by mapping entire boundaries of regions of the cone either inward or

outward. Anderson-Avery-Henderson-Liu [1] removed these conditions by introducing

an ordering through a border symmetric set, and in doing so, were able to maintain

the spirit of the original Leggett-Williams fixed point theorem in regards to avoiding
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mapping any of the boundaries completely inward or outward. In this paper we

summarize the spirit of the Leggett-Williams arguments which were extended to the

inward conditions by Anderson-Avery-Henderson and prove the multiple fixed point

theorems that utilize both operators and functionals.

2. Preliminaries

In this section we will state the definitions that are used in the remainder of the

paper.

Definition 2.1. Let E be a real Banach space. A nonempty, closed, convex set

P ⊂ E is called a cone if, for all x ∈ P and λ ≥ 0, λx ∈ P , and if x,−x ∈ P , then

x = 0.

Every subset C of a Banach space E induces an ordering in E given by x ≤C y

if and only if y − x ∈ C, and we say that x <C y whenever x ≤C y and x 6= y.

Furthermore, if the interior of C, which we denote as C◦, is nonempty, then we say

that x≪C y if and only if y− x ∈ C◦. Note that if C and D are subsets of a Banach

space E with C ⊆ D, then

x ≤C y implies x ≤D y.

Also note that if P is a cone in the Banach space E then the ordering induced by P

is a partial ordering on E. Since the closure and boundary of sets in our main results

will be relative to the cone P , the definition of a border symmetric set which follows

is stated in terms of the interior which will refer to the interior relative to the entire

Banach space E in our main results.

Definition 2.2. A closed, convex subset M of a Banach space E with nonempty

interior is said to be a border symmetric subset of E if for all x ∈ M and λ ≥ 0,

λx ∈ M , and if the order induced by M satisfies the property that x ≤M y and

y ≤M x implies that x− y 6∈ M◦ and y − x 6∈M◦.

The border symmetric property is a less restrictive replacement of the antisym-

metric property of a partial order. Our main results rely on interior arguments of

our border symmetric subsets as well as on the lack of symmetry in the interior of a

border symmetric subset. In our application at the end of the paper [1] for τ ∈ (0, 1),

we let

E = C1[0, 1] and M = {y ∈ E | y(t) ≥ 0 for t ∈ [τ, 1]}.

Note that the set M is not a cone and the ordering induced by M is not a partial

ordering; however, M is a border symmetric subset of E and it has a nonempty

interior. It is the nonempty interior which is crucial to the arguments in our main

result. We could not have made the same arguments in relation to the cone P of
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non-negative functions since the cone P defined by P = {x ∈ E | x(t) ≥ 0, x′(t) ≥ 0

for t ∈ [0, 1], x is concave, and x(0) = 0} has an empty interior.

Definition 2.3. An operator is called completely continuous if it is continuous and

maps bounded sets into precompact sets.

Definition 2.4. Let P be a cone in a real Banach space E. Then, we say that

A : P → P is a continuous concave operator on P if A : P → P is continuous and

tA(x) + (1 − t)A(y) ≤P A(tx+ (1 − t)y)

for all x, y ∈ P and t ∈ [0, 1]. Similarly, we say that B : P → P is a continuous

convex operator on P if B : P → P is continuous and

B(tx+ (1 − t)y) ≤P tB(x) + (1 − t)B(y)

for all x, y ∈ P and t ∈ [0, 1].

Definition 2.5. A map α is said to be a non-negative continuous concave functional

on a cone P of a real Banach space E if

α : P → [0,∞)

is continuous, and

tα(x) + (1 − t)α(y) ≤ α(tx+ (1 − t)y)

for all x, y ∈ P and t ∈ [0, 1]. Similarly, we say the map β is a non-negative continuous

convex functional on a cone P of a real Banach space E if

β : P → [0,∞)

is continuous, and

β(tx+ (1 − t)y) ≤ tβ(x) + (1 − t)β(y)

for all x, y ∈ P and t ∈ [0, 1].

Let R and S be operators on a cone P of a real Banach space E, and Q and M

be subsets of E that contain P , with xR, xS ∈ E. Then, we define the sets

PQ(R, xR) = {y ∈ P : R(y) ≪Q xR}

and

P (R, S, xR, xS, Q,M) = PQ(R, xR) − PM(S, xS).

Definition 2.6. Let D be a subset of a real Banach space E. If r : E → D is

continuous with r(x) = x for all x ∈ D, then D is a retract of E, and the map r is a

retraction. The convex hull of a subset D of a real Banach space X is given by

conv(D) =

{

n
∑

i=1

λixi : xi ∈ D, λi ∈ [0, 1],
n

∑

i=1

λi = 1, and n ∈ N

}

.
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The following theorem is due to Dugundji and its proof can be found in [4, p 44].

Theorem 2.7. For Banach spaces X and Y , let D ⊂ X be closed and let F : D → Y

be continuous. Then F has a continuous extension F̃ : X → Y such that F̃ (X) ⊂

conv(F (D)).

Corollary 2.8. Every closed convex set of a Banach space is a retract of the Banach

space.

The following theorem, which establishes the existence and uniqueness of the

fixed point index, is from [5, pp 82–86]; an elementary proof can be found in [4, pp 58

& 238]. The proof of our main result in the next section will invoke the properties of

the fixed point index.

Theorem 2.9. Let X be a retract of a real Banach space E. Then, for every bounded

relatively open subset U of X and every completely continuous operator A : U → X

which has no fixed points on ∂U (relative to X), there exists an integer i(A,U,X)

satisfying the following conditions:

(G1) Normality: i(A,U,X) = 1 if Ax ≡ y0 ∈ U for any x ∈ U ;

(G2) Additivity: i(A,U,X) = i(A,U1, X) + i(A,U2, X) whenever U1 and U2 are dis-

joint open subsets of U such that A has no fixed points on U − (U1 ∪ U2);

(G3) Homotopy Invariance: i(H(t, ·), U,X) is independent of t ∈ [0, 1] whenever

H : [0, 1] × U → X is completely continuous and H(t, x) 6= x for any

(t, x) ∈ [0, 1] × ∂U ;

(G4) Solution: If i(A,U,X) 6= 0, then A has at least one fixed point in U .

Moreover, i(A,U,X) is uniquely defined.

3. Defining Characteristic of Leggett-Williams Arguments

The underlying sets in Leggett-Williams type fixed point theorems are wedges.

In the original work of Leggett-Williams as well as the functional extensions, the

underlying sets are defined using functionals, and the wedges are of the form

P (α, a) = {x ∈ P : α(x) < a}.

In the operator versions of the Leggett-Williams type fixed point theorems [1], the

underlying sets are defined using operators, and the wedges are of the form

PM(A, yA) = {y ∈ P : A(y) ≪M yA}.

The key to Leggett-Williams type arguments is in using concavity and convexity

properties to avoid mapping parts of the boundaries of wedges inward or outward. In

the following condition the boundary of the wedge is mapped inward,

(F0) if y ∈ ∂PQ(B, yB), then B(Ty) ≪Q yB,
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which is equivalent to the following pair of conditions:

(F1) if y ∈ ∂PQ(B, yB) and a ≤ α(y), then B(Ty) ≪Q yB,

(F2) if y ∈ ∂PQ(B, yB) and α(y) < a, then B(Ty) ≪Q yB.

In the spirit of the original work of Leggett-Williams, using the properties of a convex

operator B and a concave functional α, one can replace (F2) with

(F2′) if y ∈ ∂PQ(B, yB) and α(Ty) < a, then B(Ty) ≪Q yB,

thus replacing part of the inward condition on elements of the boundary with a condi-

tion that in many applications is easy to verify (one can informally interpret this as, if

α(Ty) is relatively small, then so is B(Ty)). In the functional expansion-compression

fixed point theorem of Leggett-Williams type, Anderson-Avery-Henderson [3] re-

moved the outward conditions from the fixed point arguments. In the following

condition the boundary of the wedge is mapped outward,

(J0) if y ∈ ∂PM (A, yA), then yA ≪M A(Ty),

which is equivalent to the following pair of conditions:

(J1) if y ∈ ∂PM (A, yA) and β(y) ≤ b, then yA ≪M A(Ty),

(J2) if y ∈ ∂PM (A, yA) and b < β(y), then yA ≪M A(Ty).

In the spirit of the original work of Leggett-Williams, using the properties of a concave

operator A and a convex functional β, one can replace (J2) with

(J2′) if y ∈ ∂PM (A, yA) and b < β(Ty), then yA ≪M A(Ty),

thus replacing part of the outward condition on elements of the boundary with a

condition that in many applications is easy to verify (one can informally interpret

this as, if β(Ty) is relatively large, then so is A(Ty)). Fixed point theorems of

Leggett-Williams type avoid mapping entire boundaries either inward or outward.

4. Main Results

In the following lemmas we prove the criteria for an operator to be LW-inward

and LW-outward (see the definitions that follow) which will be the basis of our mul-

tiple fixed point theorems involving operators and functionals. All references to the

boundary and closure of sets are relative to the cone P for the application of the fixed

point index stated in Theorem 2.9, and references to the interior of sets are relative

to the entire Banach space E.

Lemma 4.1. Suppose P is a cone in real Banach space E, Q is a border symmetric

subset of E with P ⊂ Q, α is a non-negative continuous concave functional on P , B

is a continuous convex operator on P , a is a non-negative real number, and yB ∈ E.

Furthermore, suppose that T : P → P is completely continuous and that the following

conditions hold:
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(B1) {y ∈ P : a < α(y) and B(y) ≪Q yB} 6= ∅;

(B2) if y ∈ ∂PQ(B, yB) and a ≤ α(y), then B(Ty) ≪Q yB;

(B3) if y ∈ ∂PQ(B, yB) and α(Ty) < a, then B(Ty) ≪Q yB.

If PQ(B, yB) is bounded, then i(T, PQ(B, yB), P ) = 1.

Proof. By Corollary 2.8, P is a retract of the Banach space E, since it is closed and

convex.

Claim 1: Ty 6= y for all y ∈ ∂PQ(B, yB).

Suppose to the contrary, that is, there is a z0 ∈ ∂PQ(B, yB) with Tz0 = z0.

Since z0 ∈ ∂PQ(B, yB), we have that B(z0) 6≪Q yB (that is, yB − B(z0) 6∈ Q◦).

Either α(Tz0) < a or a ≤ α(Tz0). If α(Tz0) < a, then B(Tz0) ≪Q yB by condition

(B3), and if a ≤ α(Tz0) = α(z0), then B(Tz0) ≪Q yB by condition (B2). Hence,

in either case we have that B(z0) = B(Tz0) ≪Q yB which is a contradiction since

z0 ∈ ∂PQ(B, yB). Thus Tz0 6= z0 and we have verified that T does not have any fixed

points on ∂PQ(B, yB).

Let z1 ∈ {y ∈ P : a < α(y) and B(y) ≪Q yB} 6= ∅ (see condition (B1)), and let

H1 : [0, 1] × PQ(B, yB) → P be defined by H1(t, y) = (1 − t)Ty + tz1. Clearly, H1 is

continuous and H1([0, 1] × PQ(B, yB)) is relatively compact.

Claim 2: H1(t, y) 6= y for all (t, y) ∈ [0, 1] × ∂PQ(B, yB).

Suppose not; that is, suppose there exists (t1, y1) ∈ [0, 1]× ∂PQ(B, yB) such that

H(t1, y1) = y1. Since y1 ∈ ∂PQ(B, yB) we have that B(y1) 6≪Q yB, which together

with B(z1) ≪Q yB implies t1 6= 1. From Claim 1 we have t1 6= 0. Either α(Ty1) < a

or a ≤ α(Ty1).

Case 1 : α(Ty1) < a.

By condition (B3), we have

B(Ty1) ≪Q yB

which implies that

(1 − t1)B(Ty1) ≪Q (1 − t1)yB

since t1 6= 1 (z1 6∈ ∂PQ(B, yB)), thus we have

(1 − t1)B(Ty1) + t1B(z1) ≪Q (1 − t1)yB + t1B(z1) ≪Q (1 − t1)yB + t1yB = yB,

since t1 6= 0.

Since B is a convex operator on P ,

B(y1) = B((1 − t1)Ty1 + t1z1) ≤P (1 − t1)B(Ty1) + t1B(z1)

and since P ⊂ Q we have

B(y1) = B((1 − t1)Ty1 + t1z1) ≤Q (1 − t1)B(Ty1) + t1B(z1).



MULTIPLE FIXED POINT THEOREMS 383

Therefore,

B(y1) ≤Q (1 − t1)B(Ty1) + t1B(z1) ≪Q yB,

which contradicts B(y1) 6≪Q yB.

Case 2 : a ≤ α(Ty1).

We have

a = (1 − t1)a+ t1a ≤ (1 − t1)α(Ty1) + t1α(z1) ≤ α((1 − t1)Ty1 + t1z1) = α(y1)

and thus by condition (B2), we have B(y1) ≪Q yB. This is the same contradiction

we reached in the previous case.

Therefore, we have shown thatH1(t, y) 6= y for all (t, y) ∈ [0, 1]×∂PQ(B, yB), and

thus by the homotopy invariance property (G3) of the fixed point index, i(T, PQ(B, yB),

P ) = i(z1, PQ(B, yB), P ). And by the normality property (G1) of the fixed point in-

dex, i(T, PQ(B, yB), P ) = i(z1, PQ(B, yB), P ) = 1.

Lemma 4.2. Suppose P is a cone in a real Banach space E, M is a border symmetric

subset of E with P ⊂ M , β is a non-negative continuous convex functional on P , A

is a continuous concave operator on P , b is a non-negative real number, and yA ∈ E.

Furthermore, suppose that T : P → P is completely continuous and that the following

conditions hold:

(A1) {y ∈ P : yA ≪M A(y) and β(y) < b} 6= ∅;

(A2) if y ∈ ∂PM(A, yA) and β(y) ≤ b, then yA ≪M A(Ty);

(A3) if y ∈ ∂PM(A, yA) and b < β(Ty), then yA ≪M A(Ty).

If PM(A, yA) is bounded, then i(T, PM(A, yA), P ) = 0.

Proof. By Corollary 2.8, P is a retract of the Banach space E, since it is closed and

convex.

Claim 1: Ty 6= y for all y ∈ ∂PM(A, yA).

Suppose to the contrary, that is, there is a w0 ∈ ∂PM(A, yA) with Tw0 = w0.

Since w0 ∈ ∂PM (A, yA), we have that A(w0) 6≪M yA (that is, yA − A(w0) 6∈ M◦).

Either β(Tw0) ≤ b or β(Tw0) > b. If β(Tw0) > b, then yA ≪M A(Tw0) = A(w0)

by condition (A3), and if β(w0) = β(Tw0) ≤ b, then yA ≪M A(Tw0) = A(w0) by

condition (A2). Hence, in either case we have that yA ≪M A(Tw0) = A(w0) thus

A(w0) − yA ∈M◦ which is a contradiction since A(w0) − yA ∈ M and yA − A(w0) =

−(A(w0) − yA) ∈ M implies that A(w0) − yA 6∈ M◦ since M is a border symmetric

subset of E. Thus Tw0 6= w0 and we have verified that T does not have any fixed

points on ∂PM(A, yA).

Let w1 ∈ {y ∈ P : yA ≪M A(y) and β(y) < b} (see condition (A1)), and let

H0 : [0, 1] × PM(A, yA) → P be defined by H0(t, y) = (1 − t)Ty + tw1. Clearly, H0 is

continuous and H0([0, 1] × PM(A, yA)) is relatively compact.
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Claim 2: H0(t, y) 6= y for all (t, y) ∈ [0, 1] × ∂PM (A, yA).

Suppose not; that is, suppose there exists (t0, y0) ∈ [0, 1]× ∂PM (A, yA) such that

H0(t0, y0) = y0. Since y0 ∈ ∂PM (A, yA) we have that A(y0) ≤M yA. From Claim 1,

we have t0 6= 0. Since A(w1) − yA ∈M◦, A(y0) ≤M yA and M is a border symmetric

subset, we have t0 6= 1. Either b < β(Ty0) or β(Ty0) ≤ b.

Case 1 : b < β(Ty0).

By condition (A3), we have yA ≪M A(Ty0) which implies that

(1 − t0)yA ≪M (1 − t0)A(Ty0)

since t0 6= 1, thus we have

yA = (1 − t0)yA + t0yA ≪M (1 − t0)A(Ty0) + t0A(w1),

since t0 6= 0.

Since A is a concave operator on P ,

(1 − t0)A(Ty0) + t0A(w1) ≤P A((1 − t0)Ty0 + t0w1) = A(y0)

and since P ⊂M we have

(1 − t0)A(Ty0) + t0A(w1) ≤M A((1 − t0)Ty0 + t0w1).

Therefore,

yA ≪M (1 − t0)A(Ty0) + t0A(w1) ≤M A(y0).

Hence A(y0)− yA ∈M◦ and we have that yA −A(y0) = −(A(y0)− yA) ∈M which is

a contradiction since M is a border symmetric subset of E thus A(y0) − yA 6∈M◦.

Case 2 : β(Ty0) ≤ b.

We have

β((1 − t0)Ty0 + t0w1) ≤ (1 − t0)β(Ty0) + t0β(w1) ≤ (1 − t0)b+ t0b = b

and thus by condition (A2), we have yA ≪M A(Ty0). This is the same contradiction

we reached in the previous case.

Therefore, we have shown thatH0(t, y) 6= y for all (t, y) ∈ [0, 1]×∂PM(A, yA), and

thus by the homotopy invariance property (G3) of the fixed point index, i(T, PM(A, yA),

P ) = i(w1, PM(A, yA), P ). And by the normality property (G1) of the fixed point in-

dex, i(T, PM(A, yA), P ) = i(w1, PM(A, yA), P ) = 0 since w1 6∈ PM(A, yA).

Definition 4.3. Suppose P is a cone in a real Banach space E, Q is a border sym-

metric subset of E with P ⊂ Q, α is a non-negative continuous concave functional on

P , B is a continuous convex operator on P , a is a non-negative real number, yB ∈ E

and T : P → P is a completely continuous operator then we say that T is LW-inward

with respect to PQ(B, α, yB, a) if the conditions (B1), (B2), and (B3) of Lemma 4.1,

and the boundedness of PQ(B, yB) are satisfied.
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Definition 4.4. Suppose P is a cone in a real Banach space E, M is a border

symmetric subset of E with P ⊂ M , β is a non-negative continuous convex functional

on P , A is a continuous concave operator on P , b is a non-negative real number,

yA ∈ E and T : P → P is a completely continuous operator then we say that T is

LW-outward with respect to PM(β,A, b, yA) if the conditions (A1), (A2), and (A3) of

Lemma 4.2, and the boundedness of PM(A, yA) are satisfied.

The following theorem is the compression-expansion fixed point theorem involving

operators and functionals [1].

Theorem 4.5. Suppose P is a cone in a real Banach space E, Q is a border symmetric

subset of E with P ⊂ Q, M is a border symmetric subset of E with P ⊂ M , α is

a non-negative continuous concave functional on P , β is a non-negative continuous

convex functional on P , B is a continuous convex operator on P , A is a continuous

concave operator on P , a and b are non-negative real numbers, and yA and yB are

elements of E. Furthermore, suppose that T : P → P is completely continuous and

(C1) T is LW-inward with respect to PQ(B, α, yB, a);

(C2) T is LW-outward with respect to PM(β,A, b, yA).

If

(H1) PM(A, yA) ( PQ(B, yB), then T has a fixed point y ∈ P (B,A, yB, yA, Q,M),

whereas, if

(H2) PQ(B, yB) ( PM(A, yA), then T has a fixed point y ∈ P (A,B, yA, yB,M,Q).

The following theorem is the double fixed point theorem involving operators and

functionals.

Theorem 4.6. Suppose P is a cone in a real Banach space E, Q, M and N are border

symmetric subsets of E which contain P , α is a non-negative continuous concave

functional on P , β and θ are non-negative continuous convex functionals on P , B

is a continuous convex operator on P , A and C are continuous concave operators on

P , a, b and d are non-negative real numbers, and yA, yB and yC are elements of E.

Furthermore, suppose that T : P → P is completely continuous and

(D1) T is LW-outward with respect to PM(β,A, b, yA);

(D2) T is LW-inward with respect to PQ(B, α, yB, a);

(D3) T is LW-outward with respect to PN(θ, C, d, yC);

with PM(A, yA) ( PQ(B, yB) and PQ(B, yB) ( PN(C, yC). Then T has at least two

fixed points x∗ and x∗∗ with

x∗ ∈ P (B,A, yB, yA, Q,M) and x∗∗ ∈ P (C,B, yC, yB, N,Q).
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Proof. The operator T is LW-outward with respect to PM(β,A, b, yA) and is LW-

inward with respect to PQ(B, α, yB, a) with PM(A, yA) ( PQ(B, yB). Thus by (H1) of

Theorem 4.5, T has a fixed point x∗ ∈ P (B,A, yB, yA, Q,M). Similarly, the operator

T is LW-inward with respect to PQ(B, α, yB, a) and LW-outward with respect to

PN(θ, C, d, yC) with PQ(B, yB) ( PN(C, yC). Thus by (H2) of Theorem 4.5, T has a

fixed point x∗∗ ∈ P (C,B, yC, yB, N,Q).

The following theorem is the triple fixed point theorem involving operators and

functionals.

Theorem 4.7. Suppose P is a cone in a real Banach space E, Q, R and M are

border symmetric subsets of E which contain P , α and ψ are non-negative continuous

concave functionals on P , β is a non-negative continuous convex functional on P , B

and D are continuous convex operators on P , A is a continuous concave operator on

P , a, b and c are non-negative real numbers, and yA, yB and yD are elements of E.

Furthermore, suppose that T : P → P is completely continuous and

(K1) T is LW-inward with respect to PQ(B, α, yB, a);

(K2) T is LW-outward with respect to PM(β,A, b, yA);

(K3) T is LW-inward with respect to PR(D,ψ, yD, c);

with PQ(B, yB) ( PM(A, yA) and PM(A, yA) ( PR(D, yD). Then T has at least three

fixed points x∗, x∗∗ and x∗∗∗ with

x∗ ∈ PQ(B, yB), x∗∗ ∈ P (A,B, yA, yB,M,Q) and x∗∗∗ ∈ P (D,A, yD, yA, R,M).

Proof. The operator T is LW-inward with respect to PQ(B, α, yB, a), thus by

Lemma 4.1 we have that i(T, PQ(B, yB), P ) = 1. Hence T has a fixed point x∗ ∈

PQ(B, yB) by the solution property (G4) of Theorem 2.9. The operator T is LW-

inward with respect to PQ(B, α, yB, a) and LW-outward with respect to PM(β,A, b, yA)

with PQ(B, yB) ( PM(A, yA). Thus by (H2) of Theorem 4.5, T has a fixed point x∗∗ ∈

P (A,B, yA, yB, M,Q). The operator T is LW-outward with respect to PM(β,A, b, yA)

and is LW-inward with respect to PR(D,ψ, yD, c) with PM(A, yA) ( PR(D, yD). Thus

by (H1) of Theorem 4.5, T has a fixed point x∗∗∗ ∈ P (D,A, yD, yA, R,M).
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