14.3 Partial Derivatives

e Let f(z,y) be a function of two variables, where y = b is fixed. Then g(z) = f(x,b) is a function
of a single variable x. If g has a derivative at a, then we call it the partial derivative of f with
respect to = at (a,b) and write

fa(a,b) = g'(a).

e Now keep z = a fixed, and let h(y) = f(a,y). If h has a derivative at b, then we call it the
partial derivative of f with respect to y at (a,b) and write

fy(a,b) = h'(b).

e By the definition of a derivative, we have

fla+ h,b) — f(a,b)
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f(ab) = ’lci_r>r(1)f(a’b+k]z_f(a’b).

The partial derivatives of f(x,y) are the functions f,(x,y) and f,(z,y) obtained by letting the
point (a,b) vary.

e Notation: If z = f(x,y), then we may write
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fe(zy) = fxza—;c:%f(w,y)za—;:ﬁ:DJ:Dxf,
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fy($ay) = fy:a_iza_yf(may)za_;: 2:D2f:Dyf'

e To find f, regard y as a constant and differentiate f(x,y) with respect to z. To find f, regard
x as a constant and differentiate f(x,y) with respect to y.

1. Find all first partial derivatives for f(u,v) = (v?v —v*)5 and g(s,t) = tan=!(st?).

2. If f(z,y) = 2* 4+ 32%y — ay? find f,(0,1) and f,(1,0).



3. Find g and g for the following functions.
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fx,y) =

cos T + siny

fla,y) = cortrovse

f(x,y) = In(z* + 2y°)
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4. Find & and 22 if 2 is defined implicitly as a function of x and y by the equation
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323 4 2y + 23 + 6ayz = 1.



5. Interpretations: Partial derivative can be interpreted as rates of change. The geometric inter-
pretation: the partial derivatives are the slopes of the tangent lines at P(a,b,c) to the curves
given by the intersection of the surface given by z = f(x,y) and the planes z = a and y = b.

6. If f is a function of two variables, then its partial derivatives f, and f, are also functions of two
variables.

7. Second Partials: The second partial derivatives of f are
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(fa:)y = fmy = f12 - a_

(fy)y = fyy:f22:

9. Clairaut’s Theorem: Suppose f is defined on a disk D that contains the point (a,b). If the
functions f;, and f,, are both continuous on D, then

fry(a,0) = fya(a,b).



10. Verify that the function v = 1/1/2? + y? + 22 is a solution of the 3-D Laplace equation

Ugg + Uyy + Uz = 0.

)
11. Find the partial derivatives of f(z,y) = / el gy,
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12. Find f, fya fxya fyz for f(x,y) = wyei’)xy‘



