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Abstract

The study of supercharacter theories is a branch of character theory, which is an advanced subject
in the field of algebra. Our research in this area comes from very recent mathematics; P. Diaconis
and I.M. Isaacs first defined supercharacter theories in 2008. The set of all supercharacter theories
of a group G is designated by Sup(G) and has been proved to form a lattice; it therefore may
possess certain useful lattice-theoretic properties. Our research goal was to discover which of these
lattices have the properties of upper semimodularity and lower semimodularity. At the end of the
project, we obtained necessary and sufficient conditions for Sup(G) to be upper semimodular and
for Sup(G) to be lower semimodular when G is cyclic. Further research could include a relaxing of
our assumptions to the more general case of Abelian groups.

Background

Our research focused on lattices, mathematical objects which are defined as follows:

Definition: Lattice
A lattice is a partially ordered set such that any two elements have a least upper bound and
greatest lower bound.

It is useful to identify specific relationships between any two elements. One such relationship is
known as covering:

Definition: Covering
An element a of a lattice is said to cover another element d if a is greater than d and there
are no elements between a and d. In this case we write d � a.

Lattices can have many useful properties such as upper semimodularity and lower semimodularity,
which are defined as follows:

Definition: Upper Semimodularity
A lattice L of finite length is said to be upper semimodular (USM) if the following condition
is satisfied:

if a ∧ b � a, b then a, b � a ∨ b.

=⇒

Definition: Lower Semimodularity
Let L be a lattice of finite length. Then L is lower semimodular (LSM) if for all a, b ∈ L,

if a, b � a ∨ b then a ∧ b � a, b.

=⇒

Definition: Supercharacter Theories
Let G be a finite group and let K be a partition of G.
Then we say K is a supercharacter theory if the following three conditions hold:

• {1} is a part of K.

• A product of sums of parts of K is a linear combination of sums of parts of K.

• Each part of K is a union of some conjugacy classes of G.

Sup(G) denotes the set of all supercharacter theories of the group G; it forms a lattice.

There are several methods of constructing supercharacter theories, including the following
(among others):

• The minimal supercharacter theory: m(Zn)
The minimal supercharacter theory for cyclic groups is formed by placing each group element
in its own part. This partition will always be the least element in the lattice.

• The inverse supercharacter theory: Inv(Zn) =
{
{1}, {g, g−1}, {g2, g−2}, . . .

}
We define the inverse supercharacter theory by placing each group element and its inverse
together in their own part.

• The ∗-product supercharacter theory: X ∗ Y , where X ∈ Sup(N) and Y ∈ Sup(G/N).
The ∗-product joins the two supercharacter theories X and Y into one supercharacter theory of
G by the following process. Note that Y partitions the N -cosets of G, and that one part of Y
is the trivial coset N . The partition X ∗ Y of G has parts of two kinds: first, it contains all the
parts of X; second, for each part B of Y other than N , it contains a part B̃ which is the union
of the N -cosets in B.

Research Methods

We used the computational algebra system MAGMA

to determine initially whether Sup(G) is upper semi-
modular or lower semimodular for cyclic groups of
small order. Unfortunately, as our cyclic groups in-
creased in size, so did Sup(G) which restricted our
computational abilities to cyclic groups of size 29 or
less. The data are shown to the right.

The first breakthrough in our research came when we
proved the Inheritance Lemma shown below. This
lemma implies that if Sup(Zn) is not upper semimod-
ular, then Sup(Znk) is also not upper semimodular
for all positive integers k. This is true for lower semi-
modularity as well.

If, hypothetically, we could prove that Sup(Zp) were
not upper semimodular, then it would follow from the
Inheritance Lemma that Sup(G) is not upper semi-
modular for all cyclic groups. Of course, this is not
the case, and we were able to prove the exact oppo-
site: Sup(Zp) is upper and lower semimodular for all
primes p. We could not infer anything with the Inher-
itance Lemma from this statement. Thus, we moved
on to the next simplest case, namely the cyclic groups
of order p2, and so on.

Upper Lower
Sup(Zn) Semimodular Semimodular

2 TRUE TRUE
3 TRUE TRUE
4 TRUE TRUE
5 TRUE TRUE
6 FALSE TRUE
7 TRUE TRUE
8 FALSE FALSE
9 FALSE FALSE
10 FALSE TRUE
11 TRUE TRUE
12 FALSE FALSE
13 TRUE TRUE
14 FALSE TRUE
15 FALSE TRUE
16 FALSE FALSE
17 TRUE TRUE
18 FALSE FALSE
19 TRUE TRUE
20 FALSE FALSE
21 FALSE TRUE
22 FALSE TRUE
23 TRUE TRUE
24 FALSE FALSE
25 FALSE FALSE
26 FALSE TRUE
27 FALSE FALSE
28 FALSE FALSE
29 TRUE TRUE

Inheritance Lemma
Let N be a normal subgroup of a group G. Then the following two conditions hold:

1. If Sup(N) is not upper semimodular, then Sup(G) is not upper semimodular.

2. If Sup(N) is not lower semimodular, then Sup(G) is not lower semimodular.

Lemmas

In order to use the Inheritance Lemma, we proved that cyclic groups of certain small sizes had
supercharacter theory lattices that were not upper semimodular and/or not lower semimodular. As
an example, here is one of our lemmas.

Lemma (p2 case)
If p is an odd prime, then Sup(Zp2) is neither upper semimodular nor lower semimodular.

Proof. We can construct the following sublattice of Sup(Zp2):

m(Zp2)

m(Zp) ∗m(Zp) Inv(Zp2)

Inv(Zp) ∗m(Zp)m(Zp) ∗ Inv(Zp)

Inv(Zp) ∗ Inv(Zp)

Note that each line drawn in this diagram indicates a covering relation, and each element listed is
distinct from the others. Then Inv(Zp) ∗m(Zp) and Inv(Zp2) violate lower semimodularity, while
m(Zp) ∗m(Zp) and Inv(Zp2) violate upper semimodularity. �

Summary Table

We proceeded from the simplest cases towards more complex cases, eventually proving lemmas
such as the one above for cyclic groups of orders p, p2, pq, pqr, 4p, and 4. As every positive integer
is a multiple of an integer in one of these forms, these six cases sufficed for our analysis.

p p2 pq pqr 4p 4

USM Yes No∗ No No No Yes
LSM Yes No∗ Yes No No Yes

∗for odd primes p

Main Theorems

Theorem (Upper Semimodularity)

Let G be a cyclic group. Then Sup(G) is upper semimodular if and only if the order of G is
prime or four.

Theorem (Lower Semimodularity)

Let G be a cyclic group. Then Sup(G) is lower semimodular if and only if the order of G is
prime, the product of two distinct primes, or four.

The proofs of both of these theorems follow readily from the Summary Table above.


