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1 Supercharacter Theories

1.1 Background

Since the time of Burnside and Frobenius, one of the most important ways to study finite
groups has been via their representations. The representation theory of finite groups over C
and over fields of positive characteristic, especially the work of Brauer, played a large role in
the classification of finite simple groups, and today it has strong connections with the study
of Lie algebras, algebraic topology, homotopy theory, and group actions on finite complexes.

Let G be a finite group; then a complex representation of G is a homomorphism from G
into a group of complex matrices. It turns out that almost everything to be gained from the
representation theory of G over C is captured by the traces of these homomorphisms, which
are called the characters of G. Sums of characters are again characters, but those characters
that are not sums we call irreducible. The set Irr(G) of irreducible characters in fact is finite
and forms an orthonormal basis for the space of class functions of G.

Since characters are constant on conjugacy classes, the character theory of G is completely
described by its character table, a square matrix whose rows are labeled by Irr(G) and
columns by the conjugacy classes. Although it captures a great deal of information about
the group, unfortunately to compute the character table explicitly is quite difficult in many
cases. It would be very desirable to find a simpler object, easier to compute than the
character table, which nevertheless captures much of the same information. One such object
is a “supercharacter table.”

The columns of the character table represent the partition of G into its conjugacy classes.
For some coarser partition K of G, there may exist a partition X of Irr(G) with the same
number of parts as K and compatible with K in the following way: for each part X ∈ X , there
exists a character χ

X
which is constant on each set K ∈ K and whose irreducible constituents

are all the members of X. In such a case, if {1} ∈ K, we call the χ
X

’s supercharacters, the
members of K superclasses, and the ordered pair (X ,K) a supercharacter theory of G. Thus
(X ,K) may be represented by a matrix smaller than the character table, whose rows are
labeled by the χ

X
and columns by the sets K ∈ K.

Diaconis and Isaacs show in [9] that if (X ,K) is a supercharacter theory, then each of X
and K not only determines the other, but also determines each of the characters χ

X
up to a

scalar. We write Sup(G) for the collection of all supercharacter theories of G.
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From a suitably chosen supercharacter theory, one can sometimes obtain much of the
useful information one would desire from the full character table, even though the super-
characters may be much easier to compute. Such applications include random walks and
Fourier analysis on finite groups [7].

1.2 My Results

Although supercharacter theories are not difficult to define, the set Sup(G) is not yet well-
understood even for quite small groups. In [14] I describe new ways to obtain supercharacter
theories of a group G, and in [16] I classify Sup(G) for several infinite families of groups.

Diaconis and Isaacs have already named several sources for supercharacter theories [9].
Both the minimal theory, whose supercharacters and superclasses are simply the irreducible
characters and the conjugacy classes, and the maximal theory M(G), which has only the
two superclasses {1} and G − {1}, exist for any group G. A lemma of Brauer guarantees
that for any group of automorphisms H ≤ Aut(G), the H-orbits on Irr(G) and on the
set of conjugacy classes of G yield a supercharacter theory, which we say “comes from
automorphisms.” Finally, [9] addresses in detail a very nice supercharacter theory of an
algebra group derived from the structure of its underlying algebra.

I have added to this list several new methods of obtaining supercharacter theories. The
set of all partitions of G naturally forms a lattice with join and meet operations (∨ and ∧),
as does the set of partitions of Irr(G). Having first shown that the partial ordering which
the set Sup(G) inherits from the partitions of G is identical to the partial ordering it inherits
from the partitions of Irr(G), I then prove that for any two supercharacter theories (X ,K)
and (Y ,L) of G, their join (X ∨ Y ,K ∨ L) must itself be a supercharacter theory.

Any normal subgroup N /G also yields at least two distinct, previously unknown super-
character theories of G. In particular, we can combine any supercharacter theory C of N
with any supercharacter theory D of G/N to yield a supercharacter theory C ∗D of G. This
∗-product is associative and admits unique factorization.

Moreover, the ∗-product is a special case of a more general product: If C,D / G and
C ≤ D, and if E ∈ Sup(D) and F ∈ Sup(G/C), then provided that E and F are suitably
compatible on their “overlap” D/C, we may form a supercharacter theory E4F ∈ Sup(G).

For many families of groups, these methods suffice to explain all the groups’ superchar-
acter theories. In particular, calling a supercharacter theory indecomposible if it does not
∗-factor over any proper nontrivial subgroup, I proved the following:

Theorem 1.1 Let G be a cyclic group of order pn, for some prime p > 2 and some n ∈ N.
Let C be the set of divisors of p− 1 and S the set of nondecreasing integer sequences {ri}ni=1

with r1 = 0 and ri < i − 1 for all i > 1. Then the set of indecomposible supercharacter
theories of G, except for M(G) if n > 1, can be parametrized by C × S.

Let an indecomposible C ∈ Sup(G) correspond to (c, {ri}) ∈ C × S. If r1 = · · · = rn = 0,
then C comes from automorphisms; otherwise, it is a 4-product.
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An immediate consequence of Theorem 1.1 is that every supercharacter theory of a cyclic
p-group (for p > 2) can be explained using only maximal theories and theories from automor-
phism groups, suitably combined via 4-products. We can then explicitly count | Sup(G)|:

Corollary 1.2 Let n ∈ N. Then there exists a monic polynomial hn ∈ Z[X] of degree n so
that for any prime p > 2, if G is cyclic of order pn, then | Sup(G)| = hn(d), where d is the
number of divisors of p− 1.

2 Algebra Groups

2.1 Background

Some particularly nice applications of supercharacter theories arise for algebra groups.
If K is a finite-dimensional nilpotent associative algebra over a finite field F, then the set of
formal sums 1 +K = {1 + x : x ∈ K} forms a group under the natural multiplication

(1 + x)(1 + y) := 1 + x+ y + xy.

In the literature this has variously been called the adjoint group of K [1] or the quasi-regular
group of K [11]. We call a group G an algebra group if there exists some K so that G ∼= 1+K.
Note that 1 + K is a p-group where p = char F, but not all p-groups are in fact algebra
groups.

The group structure of 1+K is related to the algebra structure of K in subtle ways, which
Amberg and Kazarin have investigated extensively [1, 2, 3]. Furthermore, the irreducible
complex characters of algebra groups have some noteworthy properties. For example, Isaacs
has proved that if G is an algebra group over Fq, the field of size q, then the degrees of all its
irreducible characters are q-powers [17]. Halasi has shown that every irreducible character
of an algebra group is induced from a linear character of an algebra subgroup [12].

Even more interestingly, Isaacs and Diaconis have generalized André’s algebraic geo-
metric work on the “basic characters” of the unitriangular group Un(Fq) [4, 5, 6] and the
related work of Yan [19] to define a particular supercharacter theory for any algebra group
G = 1 + K. This theory, arising from the two-sided action of G on K, is strikingly anal-
ogous to ordinary character theory. For example, restrictions of supercharacters to algebra
subgroups are nonnegative integer linear combinations of supercharacters, and a suitably de-
fined “superinduction” satisfies Frobenius reciprocity [9]. Diaconis and Thiem have recently
calculated a more explicit formula for the values of these supercharacters on superclasses
[10].

2.2 My Results

In [15] I extend this work by measuring how far a given p-group G is from being an
algebra group. We define the minimal dimension mindim(G) to be the least k ∈ N such that
G is isomorphic to a subgroup of 1+K for some k-dimensional nilpotent Fp-algebra K. Thus
mindim(G) ≥ logp |G|, with equality only if G is an algebra group. Letting J(R) denote the
Jacobson radical of a ring R, we can always embed a p-group G in 1 + J(Fp[G]). Therefore
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mindim(G) ≤ dim(J(Fp[G])) = |G| − 1, but this bound is not sharp except trivially when
|G| = 2. For example, the correct bound for 2-groups of maximal class is only about half
that large:

Theorem 2.1 Let n ≥ 3 and let G be the dihedral, the semidihedral, or the generalized
quaternion group of order 2n. Then mindim(G) = 2n−1 − 1. Moreover, there is a unique
(2n−1− 1)-dimensional F2-algebra K such that G is isomorphic to a subgroup of 1 +K, and
for any finite nilpotent F2-algebra A such that 1 +A contains an isomorphic copy of G, this
K is a quotient of a subalgebra of A.

The minimal dimension of a group is also limited by the presence of an elementary abelian
normal subgroup:

Theorem 2.2 Let G be a group of order pn containing an elementary abelian normal sub-
group of order pr. Then mindim(G) ≤ pn−r + r − 1.

Now with the exception of cyclic groups and 2-groups of maximal class, every p-group
contains an elementary abelian normal subgroup of order p2. Hence we can sharpen our
initial bound (mindim(G) ≤ |G| − 1) approximately by a factor of p2:

Corollary 2.3 Let G be a group of order pn. Then

mindim(G) is


pn−1, if G is cyclic
pn−1 − 1, if G is dihedral, semidihedral, or generalized quaternion
≤ pn−2 + 1, otherwise,

and the inequality in the third case is sharp.

3 Future Directions

My ongoing research has several natural directions. I would like to know exactly when
the bound of Corollary 2.3 is sharp, for example, and I hope to generalize my techniques for
the dihedral family to find the minimal dimensions of other families of groups.

Currently I am working to extend my supercharacter results by classifying the Sup(G)
for other families of abelian groups, especially elementary abelian groups. The elementary
abelian 2-groups are particularly interesting, as my computations with the computer algebra
system Magma strongly suggest that all their supercharacter theories come from automor-
phisms.

In another vein, although all study of supercharacter theories to this point has only been
over the complex numbers, I look forward to studying modular supercharacter theories over
fields of positive characteristic. My initial computations have shown, surprisingly, that even
over a field whose characteristic is coprime to |G|, the set of modular supercharacter theories
of G can be larger than the set of complex supercharacter theories. Since the character
theory of G over C is all but identical to that over an algebraically closed field of coprime
characteristic, this intriguing fact calls for some study.
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4 Supervising Undergraduate Research

I am pleased that my fields of interest are a rich source of research projects for undergrad-
uates. Many conjectures in group theory, such as those found in [18], are so easily stated that
any student can understand them after a first course in abstract algebra. With the help of
computer algebra software, students can run experiments, notice patterns, test conjectures,
and then try to prove them.

In particular, supercharacter theories can be redefined in purely ring-theoretic language,
through which undergraduate researchers can approach many interesting questions. I have
already supervised two projects [8, 13] in which undergraduates have obtained necessary and
sufficient conditions for lattice-theoretic properties of Sup(G). I have also supervised research
projects on topics unrelated to my own research, such as probabilities in dice games and and
the geometry of hand planes. I have enjoyed helping these young mathematicians begin
the transition from textbooks to research, and I look forward to continuing undergraduate
research in the future.
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